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xi

A great discovery solves a great problem but there is a grain of discovery in the
solution of any problem. Your problem may be modest; but if it challenges your
curiosity and brings into play your inventive faculties, and if you solve it by your
own means, you may experience the tension and enjoy the triumph of discovery.

G E O R G E P O L Y A

The art of teaching, Mark Van Doren said, is the art of assisting discovery. I have tried to
write a book that assists students in discovering calculus—both for its practical power and
its surprising beauty. In this edition, as in the first six editions, I aim to convey to the stu-
dent a sense of the utility of calculus and develop technical competence, but I also strive
to give some appreciation for the intrinsic beauty of the subject. Newton undoubtedly
experienced a sense of triumph when he made his great discoveries. I want students to
share some of that excitement.

The emphasis is on understanding concepts. I think that nearly everybody agrees that
this should be the primary goal of calculus instruction. In fact, the impetus for the current
calculus reform movement came from the Tulane Conference in 1986, which formulated
as their first recommendation: 

Focus on conceptual understanding.

I have tried to implement this goal through the Rule of Three: “Topics should be presented
geometrically, numerically, and algebraically.” Visualization, numerical and graphical exper-
imentation, and other approaches have changed how we teach conceptual reasoning in fun-
damental ways. The Rule of Three has been expanded to become the Rule of Four by
emphasizing the verbal, or descriptive, point of view as well.

In writing the seventh edition my premise has been that it is possible to achieve con-
ceptual understanding and still retain the best traditions of traditional calculus. The book
contains elements of reform, but within the context of a traditional curriculum.

I have written several other calculus textbooks that might be preferable for some instruc-
tors. Most of them also come in single variable and multivariable versions.

� Calculus: Early Transcendentals, Seventh Edition, Hybrid Version, is similar to the
present textbook in content and coverage except that all end-of-section exercises are
available only in Enhanced WebAssign. The printed text includes all end-of-chapter
review material.

� Calculus, Seventh Edition, is similar to the present textbook except that the exponen-
tial, logarithmic, and inverse trigonometric functions are covered in the second
semester.

Alternative Versions

Preface
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xii PREFACE

� Calculus, Seventh Edition, Hybrid Version, is similar to Calculus, Seventh Edition, in
content and coverage except that all end-of-section exercises are available only in
Enhanced WebAssign. The printed text includes all end-of-chapter review material.

� Essential Calculus is a much briefer book (800 pages), though it contains almost all
of the topics in Calculus, Seventh Edition. The relative brevity is achieved through
briefer exposition of some topics and putting some features on the website.

� Essential Calculus: Early Transcendentals resembles Essential Calculus, but the
exponential, logarithmic, and inverse trigonometric functions are covered in Chapter 3.

� Calculus: Concepts and Contexts, Fourth Edition, emphasizes conceptual understand-
ing even more strongly than this book. The coverage of topics is not encyclopedic 
and the material on transcendental functions and on parametric equations is woven
throughout the book instead of being treated in separate chapters. 

� Calculus: Early Vectors introduces vectors and vector functions in the first semester
and integrates them throughout the book. It is suitable for students taking Engineering
and Physics courses concurrently with calculus.

� Brief Applied Calculus is intended for students in business, the social sciences, and
the life sciences.

The changes have resulted from talking with my colleagues and students at the University
of Toronto and from reading journals, as well as suggestions from users and reviewers.
Here are some of the many improvements that I’ve incorporated into this edition:

� Some material has been rewritten for greater clarity or for better motivation. See, for
instance, the introduction to maximum and minimum values on page 274, the intro-
duction to series on page 703, and the motivation for the cross product on page 808.

� New examples have been added (see Example 4 on page 1021 for instance). And the
solutions to some of the existing examples have been amplified. A case in point: I
added details to the solution of Example 2.3.11 because when I taught Section 2.3
from the sixth edition I realized that students need more guidance when setting up
inequalities for the Squeeze Theorem.

� The art program has been revamped: New figures have been incorporated and a sub-
stantial percentage of the existing figures have been redrawn.

� The data in examples and exercises have been updated to be more timely.

� Three new projects have been added: The Gini Index (page 429) explores how to
measure income distribution among inhabitants of a given country and is a nice appli-
cation of areas between curves. (I thank Klaus Volpert for suggesting this project.)
Families of Implicit Curves (page 217) investigates the changing shapes of implicitly
defined curves as parameters in a family are varied. Families of Polar Curves (page
664) exhibits the fascinating shapes of polar curves and how they evolve within a
family.

� The section on the surface area of the graph of a function of two variables has been
restored as Section 15.6 for the convenience of instructors who like to teach it after
double integrals, though the full treatment of surface area remains in Chapter 16. 

What’s New in the Seventh Edition?
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� I continue to seek out examples of how calculus applies to so many aspects of the 
real world. On page 909 you will see beautiful images of the earth’s magnetic field
strength and its second vertical derivative as calculated from Laplace’s equation. I
thank Roger Watson for bringing to my attention how this is used in geophysics and
mineral exploration.

� More than 25% of the exercises in each chapter are new. Here are some of my
favorites: 1.6.58, 2.6.51, 2.8.13–14, 3.3.56, 3.4.67, 3.5.69–72, 3.7.22, 4.3.86, 
5.2.51–53, 6.4.30, 11.2.49–50, 11.10.71–72, 12.1.44, 12.4.43–44, and Problems 4, 
5, and 8 on pages 837–38.

� The media and technology to support the text have been enhanced to give professors
greater control over their course, to provide extra help to deal with the varying levels
of student preparedness for the calculus course, and to improve support for conceptual
understanding. New Enhanced WebAssign features including a customizable Cengage
YouBook, Just in Time review, Show Your Work, Answer Evaluator, Personalized
Study Plan, Master Its, solution videos, lecture video clips (with associated questions),
and Visualizing Calculus (TEC animations with associated questions) have been
developed to facilitate improved student learning and flexible classroom teaching.

� Tools for Enriching Calculus (TEC) has been completely redesigned and is accessible
in Enhanced WebAssign, CourseMate, and PowerLecture. Selected Visuals and 
Modules are available at www.stewartcalculus.com.

CONCEPTUAL EXERCISES The most important way to foster conceptual understanding is through the problems that
we assign. To that end I have devised various types of problems. Some exercise sets begin
with requests to explain the meanings of the basic concepts of the section. (See, for
instance, the first few exercises in Sections 2.2, 2.5, 11.2, 14.2, and 14.3.) Similarly, all the
review sections begin with a Concept Check and a True-False Quiz. Other exercises test
conceptual understanding through graphs or tables (see Exercises 2.7.17, 2.8.35–40,
2.8.43–46, 9.1.11–13, 10.1.24–27, 11.10.2, 13.2.1–2, 13.3.33–39, 14.1.1–2, 14.1.32–42,
14.3.3–10, 14.6.1–2, 14.7.3–4, 15.1.5–10, 16.1.11–18, 16.2.17–18, and 16.3.1–2).

Another type of exercise uses verbal description to test conceptual understanding (see
Exercises 2.5.10, 2.8.58, 4.3.63–64, and 7.8.67). I particularly value problems that com-
bine and compare graphical, numerical, and algebraic approaches (see Exercises 2.6.39–
40, 3.7.27, and 9.4.2).

GRADED EXERCISE SETS Each exercise set is carefully graded, progressing from basic conceptual exercises and skill-
development problems to more challenging problems involving applications and proofs.

REAL-WORLD DATA My assistants and I spent a great deal of time looking in libraries, contacting companies and
government agencies, and searching the Internet for interesting real-world data to intro-
duce, motivate, and illustrate the concepts of calculus. As a result, many of the examples
and exercises deal with functions defined by such numerical data or graphs. See, for
instance, Figure 1 in Section 1.1 (seismograms from the Northridge earthquake), Exercise
2.8.36 (percentage of the population under age 18), Exercise 5.1.16 (velocity of the space 

Technology Enhancements

Features
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shuttle Endeavour), and Figure 4 in Section 5.4 (San Francisco power consumption).
Functions of two variables are illustrated by a table of values of the wind-chill index as a
function of air temperature and wind speed (Example 2 in Section 14.1). Partial derivatives
are introduced in Section 14.3 by examining a column in a table of values of the heat index
(perceived air temperature) as a function of the actual temperature and the relative humid-
ity. This example is pursued further in connection with linear approximations (Example 3
in Section 14.4). Directional derivatives are introduced in Section 14.6 by using a temper-
ature contour map to estimate the rate of change of temperature at Reno in the direction of
Las Vegas. Double integrals are used to estimate the average snowfall in Colorado on
December 20–21, 2006 (Example 4 in Section 15.1). Vector fields are introduced in Sec-
tion 16.1 by depictions of actual velocity vector fields showing San Francisco Bay wind
patterns.

PROJECTS One way of involving students and making them active learners is to have them work (per-
haps in groups) on extended projects that give a feeling of substantial accomplishment
when completed. I have included four kinds of projects: Applied Projects involve applica-
tions that are designed to appeal to the imagination of students. The project after Section
9.3 asks whether a ball thrown upward takes longer to reach its maximum height or to fall
back to its original height. (The answer might surprise you.) The project after Section 14.8
uses Lagrange multipliers to determine the masses of the three stages of a rocket so as to
minimize the total mass while enabling the rocket to reach a desired velocity. Laboratory
Projects involve technology; the one following Section 10.2 shows how to use Bézier
curves to design shapes that represent letters for a laser printer. Writing Projects ask stu-
dents to compare present-day methods with those of the founders of calculus—Fermat’s
method for finding tangents, for instance. Suggested references are supplied. Discovery
Projects anticipate results to be discussed later or encourage discovery through pattern
recognition (see the one following Section 7.6). Others explore aspects of geometry: tetra-
hedra (after Section 12.4), hyperspheres (after Section 15.7), and intersections of three
cylinders (after Section 15.8). Additional projects can be found in the Instructor�s Guide
(see, for instance, Group Exercise 5.1: Position from Samples).

PROBLEM SOLVING Students usually have difficulties with problems for which there is no single well-defined
procedure for obtaining the answer. I think nobody has improved very much on George
Polya’s four-stage problem-solving strategy and, accordingly, I have included a version of
his problem-solving principles following Chapter 1. They are applied, both explicitly and
implicitly, throughout the book. After the other chapters I have placed sections called
Problems Plus, which feature examples of how to tackle challenging calculus problems. In
selecting the varied problems for these sections I kept in mind the following advice from
David Hilbert: “A mathematical problem should be difficult in order to entice us, yet not
inaccessible lest it mock our efforts.” When I put these challenging problems on assign-
ments and tests I grade them in a different way. Here I reward a student significantly for
ideas toward a solution and for recognizing which problem-solving principles are relevant.

TECHNOLOGY The availability of technology makes it not less important but more important to clearly
understand the concepts that underlie the images on the screen. But, when properly used,
graphing calculators and computers are powerful tools for discovering and understanding
those concepts. This textbook can be used either with or without technology and I use two
special symbols to indicate clearly when a particular type of machine is required. The icon

; indicates an exercise that definitely requires the use of such technology, but that is not
to say that it can’t be used on the other exercises as well. The symbol is reserved for
problems in which the full resources of a computer algebra system (like Derive, Maple,
Mathematica, or the TI-89/92) are required. But technology doesn’t make pencil and paper

CAS
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PREFACE xv

obsolete. Hand calculation and sketches are often preferable to technology for illustrating
and reinforcing some concepts. Both instructors and students need to develop the ability
to decide where the hand or the machine is appropriate.

TEC is a companion to the text and is intended to enrich and complement its contents. (It
is now accessible in Enhanced WebAssign, CourseMate, and PowerLecture. Selected
Visuals and Modules are available at www.stewartcalculus.com.) Developed by Harvey
Keynes, Dan Clegg, Hubert Hohn, and myself, TEC uses a discovery and exploratory
approach. In sections of the book where technology is particularly appropriate, marginal
icons direct students to TEC modules that provide a laboratory environment in which they
can explore the topic in different ways and at different levels. Visuals are animations of
figures in text; Modules are more elaborate activities and include exercises. Instruc-
tors can choose to become involved at several different levels, ranging from simply
encouraging students to use the Visuals and Modules for independent exploration, to
assigning specific exercises from those included with each Module, or to creating addi-
tional exercises, labs, and projects that make use of the Visuals and Modules.

HOMEWORK HINTS Homework Hints presented in the form of questions try to imitate an effective teaching
assistant by functioning as a silent tutor. Hints for representative exercises (usually odd-
numbered) are included in every section of the text, indicated by printing the exercise 
number in red. They are constructed so as not to reveal any more of the actual solution than
is minimally necessary to make further progress, and are available to students at 
stewartcalculus.com and in CourseMate and Enhanced WebAssign.

ENHANCED WE BAS S I G N Technology is having an impact on the way homework is assigned to students, particularly
in large classes. The use of online homework is growing and its appeal depends on ease of
use, grading precision, and reliability. With the seventh edition we have been working with
the calculus community and WebAssign to develop a more robust online homework sys-
tem. Up to 70% of the exercises in each section are assignable as online homework, includ-
ing free response, multiple choice, and multi-part formats.

The system also includes Active Examples, in which students are guided in step-by-step
tutorials through text examples, with links to the textbook and to video solutions. New
enhancements to the system include a customizable eBook, a Show Your Work feature, 
Just in Time review of precalculus prerequisites, an improved Assignment Editor, and an
Answer Evaluator that accepts more mathematically equivalent answers and allows for
homework grading in much the same way that an instructor grades.

www.stewartcalculus.com This site includes the following.
� Homework Hints 
� Algebra Review
� Lies My Calculator and Computer Told Me
� History of Mathematics, with links to the better historical websites
� Additional Topics (complete with exercise sets): Fourier Series, Formulas for the

Remainder Term in Taylor Series, Rotation of Axes
� Archived Problems (Drill exercises that appeared in previous editions, together with

their solutions)
� Challenge Problems (some from the Problems Plus sections from prior editions)
� Links, for particular topics, to outside web resources
� Selected Tools for Enriching Calculus (TEC) Modules and Visuals

TOOLS FOR 
ENRICHING™ CALCULUS
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Diagnostic Tests The book begins with four diagnostic tests, in Basic Algebra, Analytic Geometry, Func-
tions, and Trigonometry.

A Preview of Calculus This is an overview of the subject and includes a list of questions to motivate the study of
calculus.

1  Functions and Models From the beginning, multiple representations of functions are stressed: verbal, numerical,
visual, and algebraic. A discussion of mathematical models leads to a review of the stan-
dard functions, including exponential and logarithmic functions, from these four points of
view.

2   Limits and Derivatives The material on limits is motivated by a prior discussion of the tangent and velocity prob-
lems. Limits are treated from descriptive, graphical, numerical, and algebraic points of
view. Section 2.4, on the precise definition of a limit, is an optional section. Sections
2.7 and 2.8 deal with derivatives (especially with functions defined graphically and numer-
ically) before the differentiation rules are covered in Chapter 3. Here the examples and
exercises explore the meanings of derivatives in various contexts. Higher derivatives are
introduced in Section 2.8.

3  Differentiation Rules All the basic functions, including exponential, logarithmic, and inverse trigonometric func-
tions, are differentiated here. When derivatives are computed in applied situations, students
are asked to explain their meanings. Exponential growth and decay are covered in this 
chapter.

4  Applications of Differentiation The basic facts concerning extreme values and shapes of curves are deduced from the
Mean Value Theorem. Graphing with technology emphasizes the interaction between cal-
culus and calculators and the analysis of families of curves. Some substantial optimization
problems are provided, including an explanation of why you need to raise your head 42°
to see the top of a rainbow.

5  Integrals The area problem and the distance problem serve to motivate the definite integral, with
sigma notation introduced as needed. (Full coverage of sigma notation is provided in
Appendix E.) Emphasis is placed on explaining the meanings of integrals in various con-
texts and on estimating their values from graphs and tables.

6  Applications of Integration Here I present the applications of integration—area, volume, work, average value—that
can reasonably be done without specialized techniques of integration. General methods are
emphasized. The goal is for students to be able to divide a quantity into small pieces, esti-
mate with Riemann sums, and recognize the limit as an integral. 

7  Techniques of Integration All the standard methods are covered but, of course, the real challenge is to be able to 
recognize which technique is best used in a given situation. Accordingly, in Section 7.5, I
present a strategy for integration. The use of computer algebra systems is discussed in 
Section 7.6.

Here are the applications of integration—arc length and surface area—for which it is use-
ful to have available all the techniques of integration, as well as applications to biology,
economics, and physics (hydrostatic force and centers of mass). I have also included a sec-
tion on probability. There are more applications here than can realistically be covered in a
given course. Instructors should select applications suitable for their students and for
which they themselves have enthusiasm.

Content

�-�

8  Further Applications 
of Integration
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PREFACE xvii

9  Differential Equations Modeling is the theme that unifies this introductory treatment of differential equations.
Direction fields and Euler’s method are studied before separable and linear equations are
solved explicitly, so that qualitative, numerical, and analytic approaches are given equal
consideration. These methods are applied to the exponential, logistic, and other models for
population growth. The first four or five sections of this chapter serve as a good introduc-
tion to first-order differential equations. An optional final section uses predator-prey mod-
els to illustrate systems of differential equations.

This chapter introduces parametric and polar curves and applies the methods of calculus
to them. Parametric curves are well suited to laboratory projects; the three presented here
involve families of curves and Bézier curves. A brief treatment of conic sections in polar
coordinates prepares the way for Kepler’s Laws in Chapter 13.

11  Infinite Sequences and Series The convergence tests have intuitive justifications (see page 714) as well as formal proofs.
Numerical estimates of sums of series are based on which test was used to prove conver-
gence. The emphasis is on Taylor series and polynomials and their applications to physics.
Error estimates include those from graphing devices.

The material on three-dimensional analytic geometry and vectors is divided into two chap-
ters. Chapter 12 deals with vectors, the dot and cross products, lines, planes, and surfaces.

13  Vector Functions This chapter covers vector-valued functions, their derivatives and integrals, the length and
curvature of space curves, and velocity and acceleration along space curves, culminating
in Kepler’s laws.

14  Partial Derivatives Functions of two or more variables are studied from verbal, numerical, visual, and alge-
braic points of view. In particular, I introduce partial derivatives by looking at a specific
column in a table of values of the heat index (perceived air temperature) as a function of
the actual temperature and the relative humidity. 

15  Multiple Integrals Contour maps and the Midpoint Rule are used to estimate the average snowfall and average
temperature in given regions. Double and triple integrals are used to compute probabilities,
surface areas, and (in projects) volumes of hyperspheres and volumes of intersections of
three cylinders. Cylindrical and spherical coordinates are introduced in the context of eval-
uating triple integrals.

16  Vector Calculus Vector fields are introduced through pictures of velocity fields showing San Francisco Bay
wind patterns. The similarities among the Fundamental Theorem for line integrals, Green’s
Theorem, Stokes’ Theorem, and the Divergence Theorem are emphasized.

Since first-order differential equations are covered in Chapter 9, this final chapter deals
with second-order linear differential equations, their application to vibrating springs and
electric circuits, and series solutions.

Calculus, Early Transcendentals, Seventh Edition, is supported by a complete set of ancil-
laries developed under my direction. Each piece has been designed to enhance student
understanding and to facilitate creative instruction. With this edition, new media and tech-
nologies have been developed that help students to visualize calculus and instructors to
customize content to better align with the way they teach their course. The tables on pages
xxi–xxii describe each of these ancillaries.

10  Parametric Equations 
and Polar Coordinates

12  Vectors and 
The Geometry of Space

17  Second-Order 
Differential Equations

Ancillaries
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The preparation of this and previous editions has involved much time spent reading the
reasoned (but sometimes contradictory) advice from a large number of astute reviewers. 
I greatly appreciate the time they spent to understand my motivation for the approach taken.
I have learned something from each of them.
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Ancillaries for Instructors

PowerLecture
ISBN 0-8400-5421-1

This comprehensive DVD contains all art from the text in both
jpeg and PowerPoint formats, key equations and tables from the
text, complete pre-built PowerPoint lectures, an electronic ver-
sion of the Instructor�s Guide, Solution Builder, ExamView test-
ing software, Tools for Enriching Calculus, video instruction,
and JoinIn on TurningPoint clicker content.

Instructor’s Guide
by Douglas Shaw
ISBN 0-8400-5418-1

Each section of the text is discussed from several viewpoints.
The Instructor�s Guide contains suggested time to allot, points
to stress, text discussion topics, core materials for lecture, work-
shop/discussion suggestions, group work exercises in a form
suitable for handout, and suggested homework assignments. An
electronic version of the Instructor�s Guide is available on the
PowerLecture DVD.

Complete Solutions Manual

Single Variable Early Transcendentals
By Daniel Anderson, Jeffery A. Cole, and Daniel Drucker
ISBN 0-8400-4936-6

Multivariable
By Dan Clegg and Barbara Frank
ISBN 0-8400-4947-1

Includes worked-out solutions to all exercises in the text.

Solution Builder
www.cengage.com /solutionbuilder

This online instructor database offers complete worked out solu-
tions to all exercises in the text. Solution Builder allows you to
create customized, secure solutions printouts (in PDF format)
matched exactly to the problems you assign in class.

Printed Test Bank
By William Steven Harmon
ISBN 0-8400-5419-X

Contains text-speci�c multiple-choice and free response test
items.

ExamView Testing
Create, deliver, and customize tests in print and online formats
with ExamView, an easy-to-use assessment and tutorial software.
ExamView contains hundreds of multiple-choice and free
response test items. ExamView testing is available on the Power-
Lecture DVD.

Ancillaries for Instructors and Students

Stewart Website
www.stewartcalculus.com

Contents: Homework Hints � Algebra Review � Additional
Topics � Drill exercises � Challenge Problems � Web Links �

History of Mathematics � Tools for Enriching Calculus (TEC) 

Tools for Enriching™ Calculus
By James Stewart, Harvey Keynes, Dan Clegg, and 
developer Hu Hohn

Tools for Enriching Calculus (TEC) functions as both a power-
ful tool for instructors, as well as a tutorial environment in
which students can explore and review selected topics. The
Flash simulation modules in TEC include instructions, writ-
ten and audio explanations of the concepts, and exercises. 
TEC is accessible in CourseMate, WebAssign, and Power-
Lecture. Selected Visuals and Modules are available at 
www.stewartcalculus.com.

Enhanced WebAssign
www.webassign.net

WebAssign�s homework delivery system lets instructors deliver,
collect, grade, and record assignments via the web. Enhanced
WebAssign for Stewart�s Calculus now includes opportunities
for students to review prerequisite skills and content both at the
start of the course and at the beginning of each section. In addi-
tion, for selected problems, students can get extra help in the
form of �enhanced feedback� (rejoinders) and video solutions.
Other key features include: thousands of problems from Stew-
art�s Calculus, a customizable Cengage YouBook, Personal
Study Plans, Show Your Work, Just in Time Review, Answer
Evaluator, Visualizing Calculus animations and modules,
quizzes, lecture videos (with associated questions), and more!

Cengage Customizable YouBook
YouBook is a Flash-based eBook that is interactive and cus-
tomizable! Containing all the content from Stewart�s Calculus,
YouBook features a text edit tool that allows instructors to mod-
ify the textbook narrative as needed. With YouBook, instructors
can quickly re-order entire sections and chapters or hide any
content they don�t teach to create an eBook that perfectly
matches their syllabus. Instructors can further customize the
text by adding instructor-created or YouTube video links. 
Additional media assets include: animated �gures, video clips,
highlighting, notes, and more! YouBook is available in
Enhanced WebAssign.

TEC

� Electronic items � Printed items    (Table continues on page xxii.)
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CourseMate
www.cengagebrain.com

CourseMate is a perfect self-study tool for students, and
requires no set up from instructors. CourseMate brings course
concepts to life with interactive learning, study, and exam
preparation tools that support the printed textbook. CourseMate
for Stewart�s Calculus includes: an interactive eBook, Tools 
for Enriching Calculus, videos, quizzes, �ashcards, and more! 
For instructors, CourseMate includes Engagement Tracker, a
�rst-of-its-kind tool that monitors student engagement.

Maple CD-ROM
Maple provides an advanced, high performance mathe-
matical computation engine with fully integrated numerics 
& symbolics, all accessible from a WYSIWYG technical docu-
ment environment. 

CengageBrain.com
To access additional course materials and companion resources,
please visit www.cengagebrain.com. At the CengageBrain.com
home page, search for the ISBN of your title (from the back
cover of your book) using the search box at the top of the page.
This will take you to the product page where free companion
resources can be found.

Ancillaries for Students

Student Solutions Manual

Single Variable Early Transcendentals
By Daniel Anderson, Jeffery A. Cole, and Daniel Drucker
ISBN 0-8400-4934-X

Multivariable
By Dan Clegg and Barbara Frank
ISBN 0-8400-4945-5

Provides completely worked-out solutions to all odd-numbered
exercises in the text, giving students a chance to check their
answers and ensure they took the correct steps to arrive at an
answer.

Study Guide

Single Variable Early Transcendentals
By Richard St. Andre
ISBN 0-8400-5420-3

Multivariable
By Richard St. Andre
ISBN 0-8400-5410-6

For each section of the text, the Study Guide provides students
with a brief introduction, a short list of concepts to master, as

well as summary and focus questions with explained answers.
The Study Guide also contains �Technology Plus� questions,
and multiple-choice �On Your Own� exam-style questions.

CalcLabs with Maple

Single Variable By Philip B. Yasskin and Robert Lopez
ISBN 0-8400-5811-X

Multivariable By Philip B. Yasskin and Robert Lopez
ISBN 0-8400-5812-8

CalcLabs with Mathematica

Single Variable By Selwyn Hollis
ISBN 0-8400-5814-4

Multivariable By Selwyn Hollis
ISBN 0-8400-5813-6

Each of these comprehensive lab manuals will help students
learn to use the technology tools available to them. CalcLabs
contain clearly explained exercises and a variety of labs and
projects to accompany the text.

A Companion to Calculus
By Dennis Ebersole, Doris Schattschneider, Alicia Sevilla, 
and Kay Somers
ISBN 0-495-01124-X

Written to improve algebra and problem-solving skills of stu-
dents taking a Calculus course, every chapter in this companion
is keyed to a calculus topic, providing conceptual background
and speci�c algebra techniques needed to understand and solve
calculus problems related to that topic. It is designed for calcu-
lus courses that integrate the review of precalculus concepts or
for individual use.

Linear Algebra for Calculus
by Konrad J. Heuvers, William P. Francis, John H. Kuisti, 
Deborah F. Lockhart, Daniel S. Moak, and Gene M. Ortner
ISBN 0-534-25248-6

This comprehensive book, designed to supplement the calculus
course, provides an introduction to and review of the basic
ideas of linear algebra.

� Electronic items � Printed items    
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Reading a calculus textbook is different from reading a news-
paper or a novel, or even a physics book. Don�t be discouraged
if you have to read a passage more than once in order to under-
stand it. You should have pencil and paper and calculator at
hand to sketch a diagram or make a calculation.

Some students start by trying their homework problems and
read the text only if they get stuck on an exercise. I suggest that
a far better plan is to read and understand a section of the text
before attempting the exercises. In particular, you should look 
at the de�nitions to see the exact meanings of the terms. And
before you read each example, I suggest that you cover up the
solution and try solving the problem yourself. You�ll get a lot
more from looking at the solution if you do so.

Part of the aim of this course is to train you to think logically.
Learn to write the solutions of the exercises in a connected,
step-by-step fashion with explanatory sentences�not just a
string of disconnected equations or formulas.

The answers to the odd-numbered exercises appear at the
back of the book, in Appendix I. Some exercises ask for a verbal
explanation or interpretation or description. In such cases there
is no single correct way of expressing the answer, so don�t
worry that you haven�t found the de�nitive answer. In addition,
there are often several different forms in which to express a
numerical or algebraic answer, so if your answer differs from
mine, don�t immediately assume you�re wrong. For example, 
if the answer given in the back of the book is and you
obtain , then you�re right and rationalizing the
denominator will show that the answers are equivalent.

The icon ; indicates an exercise that de�nitely requires 
the use of either a graphing calculator or a computer with graph-
ing software. (Section 1.4 discusses the use of these graphing
devices and some of the pitfalls that you may encounter.) But
that doesn�t mean that graphing devices can�t be used to check
your work on the other exercises as well. The symbol is

1�(1 � s2)
s2 � 1

CAS

reserved for problems in which the full resources of a computer
algebra system (like Derive, Maple, Mathematica, or the 
TI-89/92) are required.

You will also encounter the symbol | , which warns you
against committing an error. I have placed this symbol in the
margin in situations where I have observed that a large propor-
tion of my students tend to make the same mistake.

Tools for Enriching Calculus, which is a companion to this
text, is referred to by means of the symbol and can be
accessed in Enhanced WebAssign and CourseMate (selected
Visuals and Modules are available at www.stewartcalculus.com).
It directs you to modules in which you can explore aspects of
calculus for which the computer is particularly useful.

Homework Hints for representative exercises are indicated
by printing the exercise number in red: 5. These hints can be
found on stewartcalculus.com as well as Enhanced WebAssign
and CourseMate. The homework hints ask you questions that
allow you to make progress toward a solution without actually
giving you the answer. You need to pursue each hint in an active
manner with pencil and paper to work out the details. If a partic-
ular hint doesn�t enable you to solve the problem, you can click
to reveal the next hint. 

I recommend that you keep this book for reference purposes
after you �nish the course. Because you will likely forget some
of the speci�c details of calculus, the book will serve as a 
useful reminder when you need to use calculus in subsequent
courses. And, because this book contains more material than
can be covered in any one course, it can also serve as a valu-
able resource for a working scientist or engineer.

Calculus is an exciting subject, justly considered to be one 
of the greatest achievements of the human intellect. I hope you
will discover that it is not only useful but also intrinsically
beautiful.

JAMES STEWART

TEC

xxiii

To the Student
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Diagnostic Tests

Success in calculus depends to a large extent on knowledge of the mathematics
that precedes calculus: algebra, analytic geometry, functions, and trigonometry. 
The following tests are intended to diagnose weaknesses that you might have in
these areas. After taking each test you can check your answers against the given
answers and, if necessary, refresh your skills by referring to the review materials
that are provided.

Diagnostic Test: AlgebraA

1. Evaluate each expression without using a calculator.

(a) (b) (c)

(d) (e) (f )

2. Simplify each expression. Write your answer without negative exponents.

(a)

(b)

(c)

3. Expand and simplify.

(a) (b)

(c) (d)

(e)

4. Factor each expression.

(a) (b)

(c) (d)

(e) (f )

5. Simplify the rational expression.

(a) (b)

(c) (d)

��3�4 �34 3�4

523

521 �2

3�
�2

16�3�4

s200 � s32

�3a3b3��4ab2�2

�3x 3�2y 3

x 2y�1�2��2

3�x � 6� � 4�2x � 5� �x � 3��4x � 5�

(sa � sb )(sa � sb ) �2x � 3�2

�x � 2�3

4x 2 � 25 2x 2 � 5x � 12

x 3 � 3x 2 � 4x � 12 x 4 � 27x

3x 3�2 � 9x 1�2 � 6x�1�2 x 3y � 4xy

x 2 � 3x � 2

x 2 � x � 2

2x 2 � x � 1

x 2 � 9
�

x � 3

2x � 1

x 2

x 2 � 4
�

x � 1

x � 2

y

x
�

x

y

1

y
�

1

x

xxiv
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DIAGNOSTIC TESTS xxv

6. Rationalize the expression and simplify.

(a) (b)

7. Rewrite by completing the square.

(a) (b)

8. Solve the equation. (Find only the real solutions.)

(a) (b)

(c) (d)

(e) (f )

(g)

9. Solve each inequality. Write your answer using interval notation.

(a) (b)

(c) (d)

(e)

10. State whether each equation is true or false.

(a) (b)

(c) (d)

(e) (f )

s10

s5 � 2
s4 � h � 2

h

x 2 � x � 1 2x 2 � 12x � 11

x � 5 � 14 �
1
2 x

2x

x � 1
�

2x � 1

x

x2 � x � 12 � 0 2x 2 � 4x � 1 � 0

x 4 � 3x 2 � 2 � 0 3� x � 4 � � 10

2x�4 � x��1�2 � 3s4 � x � 0

�4 � 5 � 3x � 17 x 2 � 2x � 8

x�x � 1��x � 2� � 0 � x � 4 � � 3

2x � 3

x � 1
� 1

�p � q�2 � p2 � q 2
sab � sa sb

sa2 � b2 � a � b
1 � TC

C
� 1 � T

1

x � y
�

1

x
�

1

y

1�x

a�x � b�x
�

1

a � b

1. (a) (b) (c)

(d) (e) (f )

2. (a) (b) (c)

3. (a) (b)
(c) (d)
(e)

4. (a) (b)
(c) (d)
(e) (f )

5. (a) (b)

(c) (d)

81 �81 1
81

25 9
4

1
8

6s2 48a5b7 x

9y7

11x � 2 4x 2 � 7x � 15
a � b 4x 2 � 12x � 9
x 3 � 6x 2 � 12x � 8

�2x � 5��2x � 5� �2x � 3��x � 4�
�x � 3��x � 2��x � 2� x�x � 3��x 2 � 3x � 9�
3x�1�2�x � 1��x � 2� xy�x � 2��x � 2�

x � 2

x � 2

x � 1

x � 3
1

x � 2
��x � y�

6. (a) (b)

7. (a) (b)  

8. (a) (b) (c)

(d) (e) (f )

(g)

9. (a) (b)
(c) (d)
(e)

10. (a) False (b) True (c) False
(d) False (e) False (f ) True

6 1 �3, 4

�1 	
1
2s2 	1, 	s2 2

3, 22
3

12
5

��4, 3� ��2, 4�
��2, 0� � �1, 
� �1, 7�
��1, 4	

5s2 � 2s10
1

s4 � h � 2

(x �
1
2)2

�
3
4 2�x � 3�2 � 7

Answers to Diagnostic Test A: Algebra

If you have had difficulty with these problems, you may wish to consult  
the Review of Algebra on the website www.stewartcalculus.com
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xxvi DIAGNOSTIC TESTS

1. Find an equation for the line that passes through the point and

(a) has slope 

(b) is parallel to the -axis

(c) is parallel to the -axis

(d) is parallel to the line 

2. Find an equation for the circle that has center and passes through the point .

3. Find the center and radius of the circle with equation .

4. Let and be points in the plane.

(a) Find the slope of the line that contains and .

(b) Find an equation of the line that passes through and . What are the intercepts?

(c) Find the midpoint of the segment .

(d) Find the length of the segment .

(e) Find an equation of the perpendicular bisector of .

(f ) Find an equation of the circle for which is a diameter.

5. Sketch the region in the -plane defined by the equation or inequalities.

(a) (b)

(c) (d)

(e) (f )

�2, �5�
�3

x

y

2x � 4y � 3

��1, 4� �3, �2�

x 2 � y2 � 6x � 10y � 9 � 0

A��7, 4� B�5, �12�
A B

A B

AB

AB

AB

AB

xy

�1 � y � 3 � x � � 4 and � y � � 2

y � 1 �
1
2 x y � x 2 � 1

x 2 � y 2 � 4 9x 2 � 16y 2 � 144

Diagnostic Test: Analytic GeometryB

1. (a) (b)

(c) (d)

2.

3. Center , radius 5

4. (a)
(b) ; -intercept , -intercept 
(c)
(d)
(e)
(f )

y � �3x � 1 y � �5

x � 2 y � 1
2 x � 6

�x � 1�2 � �y � 4�2 � 52

�3, �5�

�
4
3

4x � 3y � 16 � 0 x �4 y �
16
3

��1, �4�
20
3x � 4y � 13
�x � 1�2 � �y � 4�2 � 100

5.

y

x1 2
0

y

x0

y

x0 4

3

_1

2

y

x
0

y

x0 4_4

y

x0 2

1

(a) (b) (c)

(d) (e) (f)

_1

3
2

_2

y=�-1

�+¥=4

 

y=1-   x
1
2

Answers to Diagnostic Test B: Analytic Geometry

If you have had difficulty with these problems, you may wish to 
consult the review of analytic geometry in Appendixes B and C.
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DIAGNOSTIC TESTS xxvii

1. The graph of a function is given at the left.
(a) State the value of .
(b) Estimate the value of .
(c) For what values of is ?
(d) Estimate the values of such that .
(e) State the domain and range of .

2. If , evaluate the difference quotient and simplify your answer.

3. Find the domain of the function.

(a) (b) (c)

4. How are graphs of the functions obtained from the graph of ?

(a) (b) (c)

5. Without using a calculator, make a rough sketch of the graph.

(a) (b) (c)

(d) (e) (f )

(g) (h)

6. Let 

(a) Evaluate and . (b) Sketch the graph of .

7. If and , find each of the following functions.
(a) (b) (c)

f
f ��1�

f �2�
x f �x� � 2

x f �x� � 0
f

f �x� � x 3 f �2 � h� � f �2�
h

f �x� �
2x � 1

x2 � x � 2
t�x� �

s
3 x

x 2 � 1
h�x� � s4 � x � sx 2 � 1

f

y � �f �x� y � 2 f �x� � 1 y � f �x � 3� � 2

y � x 3 y � �x � 1�3 y � �x � 2�3 � 3

y � 4 � x 2 y � sx y � 2sx

y � �2x y � 1 � x�1

f �x� � 
1 � x 2

2x � 1

if x � 0

if x � 0

f ��2� f �1� f

f �x� � x 2 � 2x � 1 t�x� � 2x � 3
f � t t � f t � t � t

Diagnostic Test: FunctionsC

y

0 x

1

1

FIGURE FOR PROBLEM 1

1. (a) (b) 2.8

(c) (d)

(e)

2.

3. (a)

(b)

(c)

4. (a) Reflect about the -axis
(b) Stretch vertically by a factor of 2, then shift 1 unit downward
(c) Shift 3 units to the right and 2 units upward

5.

�2

�3, 1 �2.5, 0.3

��3, 3	, ��2, 3	

12 � 6h � h2

��
, �2� � ��2, 1� � �1, 
�
��
, 
�
��
, �1	 � �1, 4	

x

y

x0

(a)

1

1

y(b)

x0

1

_1

(c) y

x0

(2,�3)

6. (a) 7. (a)
(b) (b)

(c)

y(d)

x0

4

2

(e) y

x0 1

(f ) y

x0 1

(g) y

x

0

1
_1

y(h)

x0

1

1

�3, 3 � f � t��x� � 4x 2 � 8x � 2
y

x0_1

1

�t � f ��x� � 2x 2 � 4x � 5
�t � t � t��x� � 8x � 21

Answers to Diagnostic Test C: Functions

If you have had difficulty with these problems, you should look at Sections 1.1–1.3 of this book.
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xxviii DIAGNOSTIC TESTS

1. Convert from degrees to radians.

(a) (b)

2. Convert from radians to degrees.

(a) (b)

3. Find the length of an arc of a circle with radius 12 cm if the arc subtends a central angle of
.

4. Find the exact values.

(a) (b) (c)

5. Express the lengths and in the figure in terms of .

6. If and , where and lie between and , evaluate .

7. Prove the identities.

(a)

(b)

8. Find all values of such that and .

9. Sketch the graph of the function without using a calculator.

300� �18�

5
�6 2

30�

tan�
�3� sin�7
�6� sec�5
�3�

a b �

sin x � 1
3 sec y � 5

4 x y 0 
� 2 sin�x � y�

tan �  sin � � cos � � sec �

2 tan x

1 � tan2x
� sin 2x

x sin 2x � sin x 0 � x � 2


y � 1 � sin 2x

Diagnostic Test: TrigonometryD

a

¤

b

24

FIGURE FOR PROBLEM 5

If you have had difficulty with these problems, you should look at Appendix D of this book.

1. (a) (b)

2. (a) (b)

3.

4. (a) (b) (c)

5. (a) (b)

�
�105
�3

360��
 � 114.6�150�

2
 cm

2�
1
2s3

24 cos �24 sin �

6.

8.

9.

1
15 (4 � 6s2 )
0, 
�3, 
, 5
�3, 2


_� � x0

2

y

Answers to Diagnostic Test D: Trigonometry
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A Preview of Calculus

Calculus is fundamentally different from the mathematics that you have studied previously: calculus 
is less static and more dynamic. It is concerned with change and motion; it deals with quantities that
approach other quantities. For that reason it may be useful to have an overview of the subject before
beginning its intensive study. Here we give a glimpse of some of the main ideas of calculus by showing
how the concept of a limit arises when we attempt to solve a variety of problems.

1
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By the time you finish this course, you will be able to estimate the
number of laborers needed to build a pyramid, explain the forma-
tion and location of rainbows, design a roller coaster for a smooth
ride, and calculate the force on a dam.

97909_00_ch00_p001-008:97909_00_ch00_p001-008  10/8/10  11:12 AM  Page 1

Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).  
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



2 A PREVIEW OF CALCULUS

The Area Problem
The origins of calculus go back at least 2500 years to the ancient Greeks, who found areas
using the �method of exhaustion.� They knew how to �nd the area of any polygon by
dividing it into triangles as in Figure 1 and adding the areas of these triangles.

It is a much more dif�cult problem to �nd the area of a curved �gure. The Greek
method of exhaustion was to inscribe polygons in the �gure and circumscribe polygons
about the �gure and then let the number of sides of the polygons increase. Figure 2 illus-
trates this process for the special case of a circle with inscribed regular polygons.

Let be the area of the inscribed polygon with sides. As increases, it appears that
becomes closer and closer to the area of the circle. We say that the area of the circle is

the limit of the areas of the inscribed polygons, and we write

The Greeks themselves did not use limits explicitly. However, by indirect reasoning,
Eudoxus (�fth century BC) used exhaustion to prove the familiar formula for the area of a
circle: 

We will use a similar idea in Chapter 5 to �nd areas of regions of the type shown in Fig-
ure 3. We will approximate the desired area by areas of rectangles (as in Figure 4), let
the width of the rectangles decrease, and then calculate as the limit of these sums of
areas of rectangles.

The area problem is the central problem in the branch of calculus called integral cal-
culus. The techniques that we will develop in Chapter 5 for �nding areas will also enable
us to compute the volume of a solid, the length of a curve, the force of water against a dam,
the mass and center of gravity of a rod, and the work done in pumping water out of a tank.

The Tangent Problem
Consider the problem of trying to �nd an equation of the tangent line to a curve with
equation at a given point . (We will give a precise de�nition of a tangent line in y � f �x� P

t

FIGURE 3 

1
n

10 x

y

(1, 1)

10 x

y

(1, 1)

1
4

1
2

3
4

0 x

y

1

(1, 1)

FIGURE 4 

10 x

y

y=�

A

(1, 1)

A
A

A¡� ���A¶ ���AßA�A¢A£

FIGURE 2 

A � �r 2.

A � lim
n l �

An

An

nnAn

A

FIGURE 1 

A=A¡+A�+A£+A¢+A�

A¡

A�

A£ A¢

A�

In the Preview Visual, you can see how
areas of inscribed and circumscribed polygons 
approximate the area of a circle.

TEC
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A PREVIEW OF CALCULUS 3

Chapter 2. For now you can think of it as a line that touches the curve at as in Figure 5.)
Since we know that the point lies on the tangent line, we can �nd the equation of if we
know its slope . The problem is that we need two points to compute the slope and we
know only one point, , on . To get around the problem we �rst �nd an approximation to

by taking a nearby point on the curve and computing the slope of the secant line
. From Figure 6 we see that

Now imagine that moves along the curve toward as in Figure 7. You can see that
the secant line rotates and approaches the tangent line as its limiting position. This means
that the slope of the secant line becomes closer and closer to the slope of the tan-
gent line. We write

and we say that is the limit of as approaches along the curve. Since approaches
as approaches , we could also use Equation 1 to write

Speci�c examples of this procedure will be given in Chapter 2.
The tangent problem has given rise to the branch of calculus called differential calcu-

lus, which was not invented until more than 2000 years after integral calculus. The main
ideas behind differential calculus are due to the French mathematician Pierre Fermat
(1601�1665) and were developed by the English mathematicians John Wallis 
(1616�1703), Isaac Barrow (1630�1677), and Isaac Newton (1642�1727) and the German
mathematician Gottfried Leibniz (1646�1716).

The two branches of calculus and their chief problems, the area problem and the tan-
gent problem, appear to be very different, but it turns out that there is a very close con-
nection between them. The tangent problem and the area problem are inverse problems in
a sense that will be described in Chapter 5.

Velocity
When we look at the speedometer of a car and read that the car is traveling at 48 mi�h, what
does that information indicate to us? We know that if the velocity remains constant, then
after an hour we will have traveled 48 mi. But if the velocity of the car varies, what does it
mean to say that the velocity at a given instant is 48 mi�h?

In order to analyze this question, let�s examine the motion of a car that travels along a
straight road and assume that we can measure the distance traveled by the car (in feet) at 
l-second intervals as in the following chart:

2 m � lim
x l a

f �x� � f �a�
x � a

Q P
m mPQ Q P x

a

m � lim
Q lP

mPQ

mPQ m

Q P

1 mPQ �
f �x� � f �a�

x � a

PQ
Q mPQ

P t
m

m
P t

P

t � Time elapsed (s) 0 1 2 3 4 5

d � Distance (ft) 0 2 9 24 42 71

0

y

x

P

y=�

t

P

Q

t

0 x

y

y

0 xa x

�-f(a)P{a,�f(a)}

x-a

t

Q{x, �}

FIGURE 5 
The tangent line at P

FIGURE 6
The secant line PQ

FIGURE 7
Secant lines approaching the
tangent line
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4 A PREVIEW OF CALCULUS

As a �rst step toward �nding the velocity after 2 seconds have elapsed, we �nd the aver-
age velocity during the time interval :

Similarly, the average velocity in the time interval is

We have the feeling that the velocity at the instant � 2 can�t be much different from the
average velocity during a short time interval starting at . So let�s imagine that the dis-
tance traveled has been measured at 0.l-second time intervals as in the following chart:

Then we can compute, for instance, the average velocity over the time interval :

The results of such calculations are shown in the following chart:

The average velocities over successively smaller intervals appear to be getting closer to
a number near 10, and so we expect that the velocity at exactly is about 10 ft�s. In
Chapter 2 we will de�ne the instantaneous velocity of a moving object as the limiting
value of the average velocities over smaller and smaller time intervals.

In Figure 8 we show a graphical representation of the motion of the car by plotting the
distance traveled as a function of time. If we write , then is the number of feet
traveled after seconds. The average velocity in the time interval is

which is the same as the slope of the secant line in Figure 8. The velocity when
is the limiting value of this average velocity as approaches 2; that is,

and we recognize from Equation 2 that this is the same as the slope of the tangent line to
the curve at .P

v � lim
t l 2

f �t� � f �2�
t � 2

t
PQ v t � 2

average velocity �
change in position

time elapsed
�

f �t� � f �2�
t � 2

t �2, t�
d � f �t� f �t�

t � 2

average velocity �
15.80 � 9.00

2.5 � 2
� 13.6 ft�s

�2, 2.5�

t � 2
t

average velocity �
24 � 9

3 � 2
� 15 ft�s

2 � t � 3

� 16.5 ft�s

�
42 � 9

4 � 2

average velocity �
change in position

time elapsed

2 � t � 4

FIGURE 8 

t

d

0 1 2 3 4 5

10

20

P{2,�f(2)}

Q{t,�f(t)}

t 2.0 2.1 2.2 2.3 2.4 2.5

d 9.00 10.02 11.16 12.45 13.96 15.80

Time interval

Average velocity (ft�s) 15.0 13.6 12.4 11.5 10.8 10.2

�2, 2.5� �2, 2.1��2, 2.2��2, 2.3��2, 2.4��2, 3�
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A PREVIEW OF CALCULUS5

Thus, when we solve the tangent problem in differential calculus, we are also solving
problems concerning velocities. The same techniques also enable us to solve problems
involving rates of change in all of the natural and social sciences.

The Limit of a Sequence

In the �fth century BC the Greek philosopher Zeno of Elea posed four problems, now
known as Zeno’s paradoxes,that were intended to challenge some of the ideas concerning
space and time that were held in his day. Zeno’s second paradox concerns a race between
the Greek hero Achilles and a tortoise that has been given a head start. Zeno argued, as fol-
lows, that Achilles could never pass the tortoise: Suppose that Achil les starts at position 

and the tortoise starts at position . (See Figure 9.) When Achilles reaches the point
, the tortoise is farther ahead at position . When Achilles reaches , the tor-

toise is at . This process continues inde�nitely and so it appears that the tortoise will
always be ahead! But this de�es common sense.

One way of explaining this paradox is with the idea of a sequence.The successive posi-
tions of Achilles or the successive positions of the tortoise
form what is known as a sequence.

In general, a sequence is a set of numbers written in a de�nite order. For instance,
the sequence

can be described by giving the following formula for the th term:

We can visualize this sequence by plotting its terms on a number line as in Fig-
ure 10(a) or by drawing its graph as in Figure 10(b). Observe from either picture that the
terms of the sequence are becoming closer and closer to 0 as increases. In fact,
we can �nd terms as small as we please by making large enough. We say that the limit
of the sequence is 0, and we indicate this by writing

In general, the notation

is used if the terms approach the number as becomes large. This means that the num-
bers can be made as close as we like to the number by taking suf�ciently large.an L n

an L n

lim
nl �

an � L

lim
nl �

1
n

� 0

n
an � 1� n n

an �
1
n

n

{ 1, 1
2, 1

3 , 1
4 , 1

5 , . . .}

�an�

�a1, a2, a3, . . .� � t1, t2, t3, . . .�

FIGURE 9 

Achilles

tortoise

a¡ a’ a£ a¢ a�

t¡ t’ t£ t¢

. . .

. . .

t3
a2 � t1 t2 a3 � t2
a1 t1

1

n1 2 3 4 5 6 7 8

FIGURE 10

10

a¡a’a£a¢

(a)

(b)
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6 A PREVIEW OF CALCULUS

The concept of the limit of a sequence occurs whenever we use the decimal represen-
tation of a real number. For instance, if

then

The terms in this sequence are rational approximations to .
Let’s return to Zeno’s paradox. The successive positions of Achilles and the tortoise

form sequences and , where for all . It can be shown that both sequences
have the same limit:

It is precisely at this point that Achilles overtakes the tortoise.

The Sum of a Series

Another of Zeno’s paradoxes, as passed on to us by Aristotle, is the following: “A man
standing in a room cannot walk to the wall. In order to do so, he would �rst have to go half
the distance, then half the remaining distance, and then again half of what still remains.
This process can always be continued and can never be ended.” (See Figure 11.)

Of course, we know that the man can actually reach the wall, so this suggests that per-
haps the total distance can be expressed as the sum of in�nitely many smaller distances as
follows:

3 1 �
1
2

�
1
4

�
1
8

�
1
16

� � � � �
1
2n � � � �

FIGURE 11
1
2

1
4

1
8

1
16

p

lim
nl �

an � p � lim
nl �

tn

�an� � tn� an � tn n

�

lim
nl �

an � �

�
�
�

a7 � 3.1415926

a6 � 3.141592

a5 � 3.14159

a4 � 3.1415

a3 � 3.141

a2 � 3.14

a1 � 3.1
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A PREVIEW OF CALCULUS7

Zeno was arguing that it doesn’t make sense to add in�nitely many numbers together. But
there are other situations in which we implicitly use in�nite sums. For instance, in decimal
notation, the symbol means

and so, in some sense, it must be true that

More generally, if denotes the nth digit in the decimal representation of a number, then

Therefore some in�nite sums, or in�nite series as they are called, have a meaning. But we
must de�ne carefully what the sum of an in�nite series is.

Returning to the series in Equation 3, we denote by the sum of the �rst terms of the
series. Thus

Observe that as we add more and more terms, the partial sums become closer and closer
to 1. In fact, it can be shown that by taking large enough (that is, by adding suf�ciently
many terms of the series), we can make the partial sum as close as we please to the num-
ber 1. It therefore seems reasonable to say that the sum of the in�nite series is 1 and to
write

1
2

�
1
4

�
1
8

� � � � �
1
2n � � � � � 1

sn

n

s16 �
1
2

�
1
4

� � � � �
1

216 	 0.99998474

�
�
�

s10 � 1
2 � 1

4 � � � � � 1
1024 	 0.99902344

�
�
�

s7 � 1
2 � 1

4 � 1
8 � 1

16 � 1
32 � 1

64 � 1
128 � 0.9921875

s6 � 1
2 � 1

4 � 1
8 � 1

16 � 1
32 � 1

64 � 0.984375

s5 � 1
2 � 1

4 � 1
8 � 1

16 � 1
32 � 0.96875

s4 � 1
2 � 1

4 � 1
8 � 1

16 � 0.9375

s3 � 1
2 � 1

4 � 1
8 � 0.875

s2 � 1
2 � 1

4 � 0.75

s1 � 1
2 � 0.5

sn n

0.d1d2d3d4 . . . �
d1

10
�

d2

102 �
d3

103 � � � � �
dn

10n � � � �

dn

3
10

�
3

100
�

3
1000

�
3

10,000
� � � � �

1
3

3
10

�
3

100
�

3
1000

�
3

10,000
� � � �

0.3 � 0.3333 . . .
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8 A PREVIEW OF CALCULUS

In other words, the reason the sum of the series is 1 is that

In Chapter 11 we will discuss these ideas further. We will then use Newton’s idea of
combining in�nite series with differential and integral calculus.

Summary

We have seen that the concept of a limit arises in trying to �nd the area of a region, the
slope of a tangent to a curve, the velocity of a car, or the sum of an in�nite series. In each
case the common theme is the calculation of a quantity as the limit of other, easily calcu-
lated quantities. It is this basic idea of a limit that sets calculus apart from other areas of
mathematics. In fact, we could de�ne calculus as the part of mathematics that deals with
limits.

After Sir Isaac Newton invented his version of calculus, he used it to explain the motion
of the planets around the sun. Today calculus is used in calculating the orbits of satellites
and spacecraft, in predicting population sizes, in estimating how fast oil prices rise or fall,
in forecasting weather, in measuring the cardiac output of the heart, in calculating life
insurance premiums, and in a great variety of other areas. We will explore some of these
uses of calculus in this book.

In order to convey a sense of the power of the subject, we end this preview with a list
of some of the questions that you will be able to answer using calculus:

1. How can we explain the fact, illustrated in Figure 12, that the angle of elevation
from an observer up to the highest point in a rainbow is 42°? (See page 282.)

2. How can we explain the shapes of cans on supermarket shelves? (See page 337.)

3. Where is the best place to sit in a movie theater? (See page 456.)

4. How can we design a roller coaster for a smooth ride? (See page 184.)

5. How far away from an airport should a pilot start descent? (See page 208.)

6. How can we �t curves together to design shapes to represent letters on a laser
printer? (See page 653.)

7. How can we estimate the number of workers that were needed to build the Great
Pyramid of Khufu in ancient Egypt? (See page 451.)

8. Where should an in�elder position himself to catch a baseball thrown by an out-
�elder and relay it to home plate? (See page 456.)

9. Does a ball thrown upward take longer to reach its maximum height or to fall
back to its original height? (See page 604.)

10. How can we explain the fact that planets and satellites move in elliptical orbits?
(See page 868.)

11. How can we distribute water �ow among turbines at a hydroelectric station so as
to maximize the total energy production? (See page 966.)

12. If a marble, a squash ball, a steel bar, and a lead pipe roll down a slope, which of
them reaches the bottom �rst? (See page 1039.)

lim
nl �

sn � 1

rays from sun

observer

rays from sun

42°

FIGURE 12

138°
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Functions and Models1

The fundamental objects that we deal with in calculus are functions. This chapter prepares the way for
calculus by discussing the basic ideas concerning functions, their graphs, and ways of transforming and
combining them. We stress that a function can be represented in different ways: by an equation, in a table,
by a graph, or in words. We look at the main types of functions that occur in calculus and describe the
process of using these functions as mathematical models of real-world phenomena. We also discuss the
use of graphing calculators and graphing software for computers.

9

© Mark Ralston / AFP / Getty Images
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Often a graph is the best way to repre-
sent a function because it conveys so
much information at a glance. Shown is a
graph of the ground acceleration created
by the 2008 earthquake in Sichuan
province in China. The hardest hit town
was Beichuan, as pictured.
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A135

RP denotes Reference Page numbers.

Abel, Niels, 212
absolute maximum and minimum values, 274,

946, 951
absolute value, 16, A6, A58
absolute value function, 16
absolutely convergent series, 732
acceleration as a rate of change, 161, 224
acceleration of a particle, 863

components of, 866
as a vector, 863

Achilles and the tortoise, 5
adaptive numerical integration, 515
addition formulas for sine and cosine, A29
addition of vectors, 792, 795
Airy, Sir George, 746
Airy function, 746
algebraic function, 30
alternating harmonic series, 729, 732
alternating series, 727
Alternating Series Estimation Theorem, 730
Alternating Series Test, 727
analytic geometry, A10
angle(s), A24

between curves, 271
of deviation, 283
negative or positive, A25
between planes, 821
standard position, A25
between vectors, 801, 802

angular momentum, 871
angular speed, 864
antiderivative, 344
antidifferentiation formulas, 345
aphelion, 683
apolune, 677
approach path of an aircraft, 208
approximate integration, 506
approximating cylinder, 432
approximating surface, 546
approximation

by differentials, 253
to e, 180
linear, 251, 917, 921
linear, to a tangent plane, 917
by the Midpoint Rule, 378, 507

by Newton�s method, 339
by an nth-degree Taylor polynomial, 257
quadratic, 256
by Riemann sums, 372
by Simpson�s Rule, 511, 513
tangent line, 251
by Taylor polynomials, 768
by Taylor�s Inequality, 756, 769
by the Trapezoidal Rule, 508

Archimedes, 406
Archimedes� Principle, 460, 1134
arc curvature, 853
arc length, 538, 854

of a parametric curve, 648
of a polar curve, 667
of a space curve, 853, 854

arc length contest, 545
arc length formula, 539
arc length function, 541
arcsine function, 67
area, 2, 360

of a circle, 480
under a curve, 360, 365, 371
between curves, 422, 423
of an ellipse, 479
by exhaustion, 2, 101
by Green�s Theorem, 1087
enclosed by a parametric curve, 647
in polar coordinates, 654, 665
of a sector of a circle, 665
surface, 650, 1014, 1104, 1106
of a surface of a revolution, 545, 551

area function, 385
area problem, 2, 360
argument of a complex number, A59
arithmetic-geometric mean, 702
arrow diagram, 11
astroid, 215, 645
asymptote(s), 311

in graphing, 311
horizontal, 131, 311
of a hyperbola, 674, A20
slant, 312, 315
vertical, 94, 311

asymptotic curve, 318

autonomous differential equation, 589
auxiliary equation, 1143

complex roots of, 1145
real roots of, 1144

average cost function, 334
average rate of change, 148, 224, 862
average speed of molecules, 528
average value of a function, 451, 452, 570,

979, 1027
average velocity, 4, 84, 145, 224
axes, coordinate, 786, A11
axes of an ellipse, A19
axis of a parabola, 670

bacterial growth, 605, 610
Barrow, Isaac, 3, 101, 153, 386, 406
base of a cylinder, 430
base of a logarithm, 62, A55

change of, 65
baseball and calculus, 455
basis vectors, 796
Bernoulli, James, 594, 621
Bernoulli, John, 303, 310, 594, 640, 754
Bernoulli differential equation, 621
Bessel, Friedrich, 742
Bessel function, 217, 742, 746
BØzier, Pierre, 653
BØzier curves, 639, 653
binomial coef�cients, 760
binomial series, 760

discovery by Newton, 767
binomial theorem, 175, RP1
binormal vector, 858
blackbody radiation, 777
blood �ow, 230, 336, 564
boundary curve, 1122
boundary-value problem, 1147
bounded sequence, 697
bounded set, 951
Boyle�s Law, 235
brachistochrone problem, 640
Brahe, Tycho, 867
branches of a hyperbola, 674, A20
Buffon�s needle problem, 578
bullet-nose curve, 51, 205
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Power Functions

(i) , a positive integer

(ii) , a positive integer

(iii)

Inverse Trigonometric Functions

�
�

2
� y �

�

2
andtan y � x&?arctan x � tan�1x � y

0 � y � �andcos y � x&?arccos x � cos�1x � y

�
�

2
� y �

�

2
andsin y � x&?arcsin x � sin�1x � y

x

1

y

10

y=Δ

f �x� � x�1 �
1

x

ƒ=#œ„xƒ=œ„x

x

y

0

(1, 1)

x

y

0

(1, 1)

nf �x� � x 1�n � s
n x

x

y

0

y=x#

y=x%

(_1, _1)

(1, 1)

n odd

n even

0

y

x

y=x$

(1, 1)(_1, 1)

y=x^

y=≈

nf �x� � xn

f �x� � xa

S P E C I A L  F U N C T I O N S

lim
x l �

tan�1x �
�

2

lim
x l ��

tan�1x � �
�

2

y=tan–!x=arctan x

π
2

_ π
2

y

0

x
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General Formulas

1. 2.

3. 4.

5. (Product Rule) 6. (Quotient Rule)

7. (Chain Rule) 8. (Power Rule)

Exponential and Logarithmic Functions

9. 10.

11. 12.

Trigonometric Functions

13. 14. 15.

16. 17. 18.

Inverse Trigonometric Functions

19. 20. 21.

22. 23. 24.

Hyperbolic Functions

25. 26. 27.

28. 29. 30.

Inverse Hyperbolic Functions

31. 32. 33.

34. 35. 36.
d

dx
�coth�1x� �

1

1 � x 2

d

dx
�sech�1x� � �

1

xs1 � x 2

d

dx
�csch�1x� � �

1

� x �sx 2 � 1

d

dx
�tanh�1x� �

1

1 � x 2

d

dx
�cosh�1x� �

1

sx 2 � 1

d

dx
�sinh�1x� �

1

s1 � x 2

d

dx
�coth x� � �csch2x

d

dx
�sech x� � �sech x tanh x

d

dx
�csch x� � �csch x coth x

d

dx
�tanh x� � sech2x

d

dx
�cosh x� � sinh x

d

dx
�sinh x� � cosh x

d

dx
�cot�1x� � �

1

1 � x 2

d

dx
�sec�1x� �

1

xsx 2 � 1

d

dx
�csc�1x� � �

1

xsx 2 � 1

d

dx
�tan�1x� �

1

1 � x 2

d

dx
�cos�1x� � �

1

s1 � x 2

d

dx
�sin�1x� �

1

s1 � x 2

d

dx
�cot x� � �csc2x

d

dx
�sec x� � sec x tan x

d

dx
�csc x� � �csc x cot x

d

dx
�tan x� � sec2x

d

dx
�cos x� � �sin x

d

dx
�sin x� � cos x

d

dx
�loga x� �

1

x ln a

d

dx
ln � x � �

1

x

d

dx
�ax � � ax ln a

d

dx
�e x � � e x

d

dx
�xn � � nxn�1d

dx
f �t�x�� � f ��t�x��t��x�

d

dx � f �x�
t�x� � �

t�x� f ��x� � f �x�t��x�
�t�x��2

d

dx
� f �x�t�x�� � f �x�t��x� � t�x� f ��x�

d

dx
� f �x� � t�x�� � f ��x� � t��x�

d

dx
� f �x� � t�x�� � f ��x� � t��x�

d

dx
�cf �x�� � c f ��x�

d

dx
�c� � 0
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Basic Forms

1.

2.

3.

4.

5.

6.

7.

8.

9.

10.

Forms Involving 

21.

22.

23.

24.

25.

26.

27.

28.

29. y
du

�a 2 � u 2�3�2 �
u

a 2
sa 2 � u 2

� C

y
du

u 2
sa 2 � u 2

� �
sa 2 � u 2

a 2u
� C

y
du

usa 2 � u 2
� �

1

a
ln � sa 2 � u 2 � a

u � � C

y
u 2 du

sa 2 � u 2
�

u

2
 sa 2 � u 2 �

a 2

2
 ln(u � sa 2 � u 2 ) � C

y
du

sa 2 � u 2
� ln(u � sa 2 � u 2 ) � C

y
sa 2 � u 2

u 2 du � �
sa 2 � u 2

u
� ln(u � sa 2 � u 2 ) � C

y
sa 2 � u 2

u
du � sa 2 � u 2 � a ln � a � sa 2 � u 2

u � � C

y u 2
sa 2 � u 2 du �

u

8
 �a 2 � 2u 2� sa 2 � u 2 �

a 4

8
 ln(u � sa 2 � u 2 ) � C

y sa 2 � u 2 du �
u

2
 sa 2 � u 2 �

a 2

2
 ln(u � sa 2 � u 2 ) � C

sa 2 � u 2 ,  a � 0

y sec u tan u du � sec u � C

y csc2u du � �cot u � C

y sec2u du � tan u � C

y cos u du � sin u � C

y sin u du � �cos u � C

y au du �
a u

ln a
� C

y eu du � eu � C

y
du

u
� ln � u � � C

n � �1y un du �
un�1

n � 1
 � C,

y u dv � uv � y v du

TA B L E  O F  I N T E G R A L S

11.

12.

13.

14.

15.

16. ,

17.

18.

19.

20.

a � 0

y
du

u 2 � a 2 �
1

2a
ln � u � a

u � a � � C

y
du

a 2 � u 2 �
1

2a
ln � u � a

u � a � � C

y
du

usu 2 � a 2
�

1

a
sec�1 u

a
� C

y
du

a 2 � u 2 �
1

a
tan�1 u

a
� C

y
du

sa 2 � u 2
� sin�1 u

a
� C

y csc u du � ln � csc u � cot u � � C

y sec u du � ln � sec u � tan u � � C

y cot u du � ln � sin u � � C

y tan u du � ln � sec u � � C

y csc u cot u du � �csc u � C
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